In this paper, we study the asymptotic dynamics of the stochastic viscous coupled Camassa-Holm equation with periodic boundary condition. We investigate the existence of a random attractor for the dynamical system associated with the equation. The random attractor is invariant and attracts every pull-back tempered random set under the forward flow. We establish the asymptotic compactness of the random dynamical system by compactness of embedding of Sobolev space.
Introduction
The Camassa-Holm equation which has peakon solitons in the form of a superposition of multipeakons. They investigated local well-posedness and blow-up solutions of (.) by means of Kato's semigroup approach to nonlinear hyperbolic evolution equation and obtained a criterion and condition on the initial data guaranteeing the development of singularities in finite time for strong solutions of (.) by energy estimates. Moreover, an existence result for a class of local weak solutions was also given. 
u(, t) = u(T, t), u x (, t) = u x (T, t), u xx (, t) = u xx (T, t), v(, t) = v(T, t), v x (, t) = v x (T, t), v xx (, t) = v xx (T, t).
The authors proved that (.) has a unique solution in infinite time interval by prior estimates and demonstrated its long time behavior which was described by a global attractor. 
They considered the well-posedness and discussed the existence of global solution of (.) in
) by using prior estimates. Finally, they showed the long time behavior of solution and obtained the existence of global attractor of (.).
Motivated by the persistence of the global attractor under a white noise, in our paper, we will investigate the long time behavior and the existence of the global random attractor of stochastic viscous coupled Camassa-Holm equation: 
u(, t) = u(T, t), u x (, t) = u x (T, t),
is a given function defined on [, T], which described in the following. W (t) is a two-side real-valued Wiener process on a probability space which will be specified later. http://www.journalofinequalitiesandapplications.com/content/2013/1/201
A system is usually uncertain in reality due to some external noise, which is random. The random effects are considered not only as compensations for the defects in some deterministic models, but also rather essential phenomena [-] .
Attractor is an important concept to describe long time behavior of solutions for a given system. It is known that the long time behavior of random systems is captured by a pullback random attractor, which was introduced in [, , ] as an extension of attractor theory of deterministic system in [-]. The existence of random attractors for stochastic differential equations has been studied extensively by many authors [-]. To our best knowledge, the problem of random attractor for (.) has not been discussed. We think it is a significant work to obtain a random attractor for the system. The paper is organized as follows. In the next section, we review the pullback random attractor theory for random dynamical systems and some lemmas. In Section , we define a random dynamical system for the stochastic viscous coupled Camassa-Holm equation. Then we derive the uniform estimates of solutions in Section . These estimates are necessary for proving the existence of bounded random absorbing sets and the asymptotic compactness of the random dynamical system and prove the existence of a pullback random attractor in
. We conclude that the global attractor persists under a white noise.
Preliminaries
In this section, we recall some basic concepts related to random attractors for stochastic dynamical systems and some basic inequalities, which refer to [-, , ] for more details. Let (X, · X ) be a separable Hilbert space with Borel σ -algebra B(X), and ( , F, P) be a probability space.
Definition . ( , F, P, (θ t ) t∈R ) is called a metric dynamical system if θ : R × → is (B(X) × F, F)-measurable, θ  is the identity on , θ s+t = θ t • θ s for all s, t ∈ R and θ t P = P for all t ∈ R. Definition . A continuous random dynamical system (RDS) on X over a metric dynamical system ( , F, P, (θ t ) t∈R ) is a mapping :
which is (B(R + ) × F × B(X), B(X))-measurable and satisfies, for P-a.e. ω ∈ ,
Hereafter, we assume that is a continuous RDS on X over ( , F, P, (θ t ) t∈R ).
Definition . A random bounded set {B(ω)} ω∈ of X is called tempered with respect to (θ t ) t∈R if for P-a.e. ω ∈ ,
Definition . A random set {A(ω)} ω∈ is called a D-pullback attractor (or D-random attractor) for if the following conditions are satisfied, for P-a.e. ω ∈ , (i) {A(ω)} ω∈ is compact, and 
Some basic inequalities which will be used frequently in the following consideration are presented as follows. 
Stochastic viscous coupled Camassa-Holm equation
For convenience, we introduce some marks. We denote · p and · ∞ the norms in In this section, we discuss the existence of a continuous random dynamical system for the stochastic viscous coupled Camassa-Holm equation defined on [, T] . Consider the following stochastic equation:
with initial and periodic boundary condition
. W is a two-sided real-valued Wiener process on a probability space, which will be determined below.
In the sequel, we consider the probability space ( , F, P) where 
Then ( , F, P, (θ t ) t∈R ) is a metric dynamical system. We need to convert the stochastic equation (.) with a random term into a deterministic one with a random parameter. Then we consider the stationary solutions of the one-dimensional equation:
The solution to (.) is given by
It's known that there exists a θ t -invariant set ⊆ of full P measure such that y(θ t ω) is continuous in t for every ω ∈ , and the random variable |y(ω)| is tempered [, , , ]. We give some properties of the process as follows.
Lemma . For the Ornstein-Uhlenbeck process y(θ t ω), we have the following results []
, where the domain of the Laplace operator is V ∩
with the boundary condition
and initial condition
We will consider (.)-(.) for ω ∈ and write as from now on.
, by a Galerkin method as in [, ], it can be proved that for P-a.e. ω ∈ and for the initial condition (
Hence, the solution mapping :
generates a continuous random dynamical system, where
generates a random dynamical system associated with (.)-(.). Note that the two random dynamical systems are equivalent by (.). It is easy to check that (t, ω) has a random attractor provided (t, ω) possesses a random attractor. So, we only need to consider the random dynamical system (t, ω). http://www.journalofinequalitiesandapplications.com/content/2013/1/201
Uniform estimates of solution
In this section, we derive uniform estimates on the solution of the stochastic viscous coupled Camassa-Hlom equation when t → +∞. These estimates are necessary for proving the existence of bounded absorbing sets and the asymptotic compactness of the random dynamical system. From now on, we always assume that D is the collection of tempered random subsets of E.
As a beginning, we estimate the process z(θ t ω). By employing Gagliardo-Nirenberg's inequality and Cauchy-Schwatz's inequality, we have
where c is the constant in Lemma ..
there exists T B (ω) >  and a random variable r(ω), such that the solution
Proof Taking the inner product of (.), (.
Integrating by parts, we have
Associating with (.)-(.) we note that
Employing Young inequality and Gagliardo-Nirenberg inequality, the terms with random parameter of (.) and (.) are bounded by
and According to Poincaré inequality, combining (.) with (.) and following the estimates from (.)-(.), we obtain
where
. We denote
Applying Gronwall lemma, we obtain that, for all t ≥ ,
Replacing ω by θ -t ω in (.) we obtain that, for all t ≥ ,
For all s ∈ (, t),
Then for all t ≥ , (.) is equivalent to
so for P-a.e. ω ∈ , there exists T  (ω) >  and α  >  such that for t ≥ T  (ω) and α ≥ α  ,
Note that |y(θ t ω)| is tempered, and by (.)-(.), the integrand of the second term on the right-hand side of (.) is convergent to zero exponentially as s → -∞. This shows that for P-a.e. ω ∈ , the following integral:
Let r  (ω) = r  (ω), we get that for all t ≥ T  (ω),
which completes the proof.
Lemma . Let B = {B(ω)} ω∈ ∈ D and (u  (ω), v  (ω)) T ∈ B(ω). Then for P-a.e. ω ∈ , there exists T B (ω) >  and a random variable r(ω), such that the solutions
Proof Now we denote
From the statements and estimates above, we get that
Integrating (.) with respect to s over [t, t + ], we get that
Replacing t by s, where s ∈ [t, t + ], and then replacing ω by θ -t- ω in (.), we get that
As the discussion in (.), for all τ ∈ (, s), we have
As the consideration from (.)-(.), which implies that when
where r  = e ελ r  (ω). Then
Following from Proposition .. in [] , there exists a tempered function r  (ω) >  such that
where r  (ω) satisfies, for P-a.e. ω ∈ ,
Along with (.)-(.), we conclude that
(ω). Then for P-a.e. ω ∈ , there exists T B (ω) >  and a random variable r(ω), such that the solutions
Proof Taking the inner product of (.) and (.) in L  ([, T]) respectively with -u and -v, we have
By integrating by parts, we get
Employing Young inequality and Gagliardo-Nirenberg inequality, along with (.)-(.), we get
Then we estimate the terms with random parameter. They are bounded by
and
According to Poincaré inequality along with (.)-(.), we obtain
. Applying Gronwall lemma over [s, t + ], where s ∈ [t, t + ] and t ≥ T  (ω), we get
Replacing ω by θ -t- ω in (.), we obtain that
For s ∈ (t, t + ) and t ≥ T  (ω), we have Replacing ω by θ -t- ω in (.), we obtain that
Replacing ω by θ -t- ω in (.), we have
We denote
Integrating (.) with respect to s on (t, t + ), we get
Associating with (.)-(.), we have
So we conclude that when t ≥ T  (ω) 
